An ion beam propagating through a magnetized plasma cylinder containing electrons, light positive potassium ions ͑K + ͒, and heavy positive cesium ions ͑Cs + ͒ drives electrostatic ion cyclotron ͑EIC͒ waves to instability via Cerenkov interaction. Two EIC wave modes are present, the K + and Cs + modes. The unstable wave frequencies and the growth rate of both the light positive ion and heavy positive ion modes increase with an increase in their relative ion concentrations. The growth rate of both the unstable modes ͑K + and Cs + ͒ scales one-third power of the beam density. The real part of the frequency of both the unstable modes ͑K + and Cs + ͒ increases with the beam energy and scales as almost one-half power of the beam energy. Numerical calculations of the growth rate and mode frequencies have been carried out for the parameters of the experiment of Suszcynsky et al. ͓J. Geophys. Res. 94, 8966 ͑1989͔͒. It is found that the unstable wave frequencies of both the light positive ion and heavy positive ion modes increase with the magnetic fields in accordance with the experimental observations.
I. INTRODUCTION
Electrostatic ion cyclotron ͑EIC͒ waves are observed in a wide variety of situations, ranging from laboratory experiments 1,2 to space plasmas. 3, 4 The first experimental observations of EIC oscillations in laboratory plasmas were reported by D'Angelo and Motely. 1 The observed oscillations were identified as the current-driven EIC instability, which had been theoretically predicted by Drummond and Rosenbluth. 5 Recently, there has been a great deal of interest in studying electrostatic waves in dusty plasmas. Barkan et al. 9 found experimentally that the presence of negatively charged dust grains enhanced the growth rate of the instability of current-driven EIC wave in a dusty plasma. Chow et al. 10, 11 studied the effect of dust charged on the collisionless EIC instability using Vlasov theory. They found that the critical electron drift velocity ͑v de ͒ for the excitation of wave decreased in the presence of negatively charged dust grains as the ratio of positive ion density to electron density increased, showing that the mode was more easily destabilized in plasma containing negatively charged dust grains. Sharma and Gahlot 16 developed a model of ion beam driven ion acoustic waves in a plasma cylinder with negative ions. In this case, they reported that the phase velocity of the sound waves ͑in both the modes͒ increases with the relative density of negative ions in the presence of both positive and negative ions. Sharma and Gahlot 17 examined the effect of dust charge fluctuations on excitation of electrostatic upper hybrid waves by a gyrating relativistic electron beam in a magnetized plasma cylinder. More recently, Sharma and Sharma 29 developed a model on excitation of ion-cyclotron waves by a spiraling ion beam in a magnetized dusty plasma cylinder. Ma and Yu 20 developed a self-consistent theory of ion acoustic waves and Langmuir wave instability in unmagnetized dusty plasmas. Later, Vladimirov et al. 23 also presented a selfconsistent theory of linear ion acoustic waves in complex laboratory plasmas containing dust grains and negative ions.
Vladimirov and Ostrikov 30 also gave elegant reviews of dynamic self-organization phenomenon in complex ionized gas systems, where several relevant examples including electrostatic waves and instabilities in dusty plasmas are given. The dust has also been noted to influence a three-wave parametric process in unmagnetized plasmas. [31] [32] [33] More recently, Sharma and Gahlot 34 examined a four wave parametric interaction process in a magnetized dusty plasma cylinder.
Suszcynsky et al. 19 studied the EIC waves in a two-ion component plasma in a single-ended Q-Machine containing variable concentrations of Cs + and K + ions. In this case, the results are of interest in the context of EIC wave excitation in the ionosphere.
In this paper, we study the EIC waves driven to instability by an ion beam in a magnetized plasma cylinder consisting of electrons and two positive ion species ͑K + and Cs + ͒. In Sec. II, we obtain the expression for the growth rate for two modes ͑K + and Cs + ͒ using first order perturbation technique. Results and discussions are given in Sec. III. Finally, the conclusion part is given in Sec. IV.
II. INSTABILITY ANALYSIS
Consider a cylindrical magnetized plasma column of radius a 1 ͑containing electrons, light positive potassium ions K + , and heavy positive cesium ions Cs + ͒ with equilibrium electron, light positive, and heavy positive ion densities as n e0 = n p0 , n L+0 = ␣ L n p0 , and n H+0 = ␣ H n p0 immersed in a static magnetic field B s ʈ ẑ, where ␣ L and ␣ H ͑=1 − ␣ L ͒ are the fractional concentrations of light positive ions and heavy positive ions, respectively. The charge, mass, and temperature of three species are ͑−e , m e , T e ͒, ͑e , m L , T L ͒, and ͑e , m H , T H ͒, re-spectively, where T e ϳ T L ϳ T H . An ion beam with velocity v b0 ẑ, mass m b , density n b0 and radius r b ͑Хa 1 ͒ propagates through the plasma along the magnetic field. The beam plasma system prior to the perturbation is quasineutral such that en e0 − en L+0 − en H+0 − en b0 is approximately zero since we have taken n P0 ӷ n b0 .
There is no electric field present in the equilibrium and plasma is spatially uniform. The equilibrium is perturbed by an electrostatic perturbation to potential
All the three species ͑electrons, light positive ions, and heavy positive ions͒ are treated as fluids, described by the equations of motion and continuity,
On linearization, Eq. ͑2͒ gives the perturbed electron density as
From the linearization procedure, Eq. ͑3͒ yields the perturbed velocities
where subscript 1 refers to perturbed quantities and e, m L , T L , and L+ ͑=eB s / m L c͒ are the charge, mass, temperature, and cyclotron frequencies of light positive ions, respectively. v ZL1 and v ជ ЌL1 are the axial and perpendicular components of the perturbed velocities.
Using Eqs. ͑9͒ and ͑10͒ in the continuity equation ͓cf. Eq. ͑6͔͒, we obtain 
where c H ͓=͑T H / m H ͒ 1/2 ͔ is the thermal velocity of heavy positive ions.
The response of a cold and unmagnetized ion beam can be obtained by solving the fluid equations of motion and continuity,
where
On linearizing and solving Eqs. ͑13͒ and ͑14͒, we obtain the beam velocity and beam density perturbations,
Using Eqs. ͑8͒, ͑11͒, ͑12͒, and ͑16͒ in the Poisson's equation,
we obtain a second order differential equation in 1 , which can be rewritten for the axially symmetric case as
and pb 2 =4n b0 e 2 / m b .
In the absence of a beam, Eq. ͑18͒ is a Bessel equation and gives a well known solution, 1 = AJ 0 ͑p n r͒, p = p n . Here, 1 must vanish at r = a 1 ; hence, J 0 ͑p n a 1 ͒ = 0, i.e., p n = x n / a 1 ͑n =1,2,3...͒, i.e., x n are the zeros of the Bessel function J 0 ͑x͒. In the presence of the beam, wave function 1 can be expressed in a series of orthogonal sets of wave function,
Substituting the value of 1 from Eq. ͑21͒ in Eq. ͑18͒, multiplying both sides by rJ 0 ͑p n r͒, and integrating over r from 0 to a 1 , we obtain
͑22͒
In Eq. ͑22͒, we have assumed that the beam radius r b = plasma radius a 1 . Substituting the value of p 2 , Eq. ͑22͒ can be rewritten as
where 
can be rewritten as
͑27͒
Here, Ϸ b 1 corresponds to the light positive ion mode, and = k z v b0 corresponds to the beam mode. We are looking for solutions when b 1 Ϸ k z v b0 , i.e., when the beam is in Cerenkov resonance with the light positive ion mode. In this case, the two factors on the left-hand side of Eq. ͑27͒ are simultaneously zero in the limit n b0 → 0. When n b0 0, we expand as = b 1 + ␦ 1 = k z v b0 + ␦ 1 , where ␦ 1 is the modification in due to the finite right-hand side. Equation ͑27͒ then gives the growth rate of the unstable mode,
.
͑30͒
On substituting the value of ␣ 1 , Eq. ͑30͒ can be rewritten as
͑31͒
The real part of the frequency of the unstable mode for light positive ion in terms of beam energy is given by
where eV b is the beam energy.
B. Beam plasma interaction with heavy positive cesium ions "Cs
+ … In the absence of light positive ions, Eq. ͑23͒ is given as
͑35͒
where 123701-3 Excitation of electrostatic ion-cyclotron waves… Phys. Plasmas 17, 123701 ͑2010͒
Following the same procedure as was done earlier, we expand as = c 1 + ␦ 1 = k z v b0 + ␦ 1 and obtain the growth rate
͑38͒
On solving further, the growth rate can also be rewritten as
͑39͒
The real part of the frequency of the unstable mode for heavy positive ions in terms of beam energy is given as
. ͑40͒
III. RESULTS AND DISCUSSIONS
In the numerical calculations, we have used plasma parameters for the experiment of Suszcynsky et al. 19 Using Eqs. ͑28͒ and ͑36͒, we have plotted in Figs. 1 and 2 the dispersion curves of ion-cyclotron waves with light positive ion and heavy positive ion modes, respectively, for the following parameters: plasma density n p0 = n e0 =10 9 cm −3 , T e ϳ T L ϳ T H = 0.2 eV, guide magnetic field B s = 2.4ϫ 10 3 G, plasma radius= a 1 = 2 cm, R = m H / m L = 3.4, and mode number n = 1, i.e., the first zero of the Bessel function. We have also plotted the beam mode for potassium beam energy E b = 10 eV. The frequencies and the corresponding wave numbers of the unstable wave are obtained by the point of intersection between the beam mode and the light positive ion and heavy positive ion modes, respectively, which are given in Tables I and II. From Tables I and II, we can see that the unstable wave frequencies of the ion-cyclotron waves in presence of light and heavy positive ions increase with their relative ion concentrations. From Tables I and II , it can also be seen that as the light ion concentration ␣ L ͑=1 − ␣ H ͒ is increased, the frequency of the heavy ion mode moves nearly closer to its cyclotron frequency cCs+ ͑cf. Table I͒ . Similarly, as the heavy ion concentration ␣ H ͑=1 − ␣ L ͒ is increased, the frequency of the light ion mode approaches nearly closer to its cyclotron frequency cK+ . These theoret-TABLE I. From Fig. 1 , we obtain the values of unstable wave frequencies ͑rad/s͒ and axial wave numbers k z ͑cm −1 ͒ for different concentrations of light positive potassium ions ␣ L . 1 . Dispersion curves of ion-cyclotron waves and a beam mode. The parameters are given in the text ͑for light positive ions͒. Fig. 3 that the growth rate ␥ ͑in rad/s͒ increases with the concentration of light positive ions ␣ L . Similarly, from Fig. 4 , it can also be seen that the growth rate ␥ ͑in rad/s͒ increases with the concentrations of heavy positive ions ␣ H ͑=1 − ␣L͒. In the experimental observations of Suszcynsky et al., 19 it was found that the critical drift velocities for the excitation of both the modes ͑light positive ion and heavy positive ion͒ depend on the relative ion concentrations. Moreover, the rate of decrease of the critical drifts for the mode excitation becomes more significant for n Cs + / ͑n Cs + + n K +͒ Ն 0.8 ͑cf. Fig. 10 of Suszcynsky et al. 19 ͒.
Hence, the growth rates of the unstable modes increase with the relative density of positive ions ͑light and heavy͒. Moreover, the growth rates of both the unstable modes ͑i.e., light ions and heavy ions͒ increase with the beam density and scales as the one-third power of the beam density ͓cf. Eqs. ͑31͒ and ͑39͔͒. The real parts of the frequencies of the unstable modes ͑light ions and heavy ions͒ increase with the beam energy and scale as almost one-half power of the beam energy ͓cf. Eqs. ͑32͒ and ͑40͔͒. The wave frequencies of two unstable modes also increase with the magnetic fields ͓cf. Eqs. ͑28͒ and ͑36͔͒ and are in a good agreement with the experimental observations of Suszcynsky et al.
19

IV. CONCLUSION
In conclusion, we may say that the EIC waves are driven to instability in a magnetized plasma cylinder with two positive ions by an ion beam via a Cerenkov interaction. The unstable wave frequencies of both the modes ͓cf. Figs. 1 and 2 for light and heavy ion modes͔ increase with the relative density of positive ions. The frequencies of the unstable modes also increase with the magnetic fields in accordance with the experimental observations of Suszcynsky et al. 19 ͓cf. Fig. 4 , on p. 8969͔. Here, we would like to mention that the present model is based on a fluid treatment. However, kinetic theory would be more appropriate to study the conditions under which the two unstable modes ͑K + and Cs + ͒ can be excited. Moreover, we have considered collisionless plasma, but collisions need to be included for those experiments. This would be our future paper.
The present work is motivated by an important experimental investigations carried out by Suszcynsky et al., i.e., "an experimental study of electrostatic ion-cyclotron waves in a two-ion component plasma." Based on this experiment, we have developed a model of ion beam driven electrostatic ion-cyclotron waves in a two positive ion ͑light and heavy͒ plasma.
Our work may find applications in plasma aided nanostructures [35] [36] [37] where multispecies ions are present. Our results may also find applications in the Earth ionosphere, which contains a mixture of several positive ion species, e.g., H + , O + , O 2 + , and NO + with concentrations varying according to altitude, since the presence of positive ions lowers the critical drift for the excitation of EIC waves. A theory for multispecies plasmas to the case of Earth's ionosphere was given by Kindel and Kennel 6 using the kinetic treatment. 
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